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Using the character theory of the symmetric group Sn, we study the decomposi- 
tion of the product of two conjugacy classes Ka * Kz in the basis of conjugacy 
classes. This product akes place in the group algebra of the symmetric group, and 
the coefficient of the class Kr in the decomposition, called structure constant, is a 
positive integer that counts the number of ways of writing a given permutation of
type ~, as a product of two permutations of type 2 and #. In this paper, we present 
new formulas for the decomposition of the products Klrn_~,KI,,_~ and 
K~ . . . . .  ) ,  K~ . . . .  ) over a restricted set of conjugacy classes Kr. These formulas 
generalize the formula for the decomposition of the product of the class of full 
cycles with itself K(n ) * K(n ). © 1994 Academic Press, Inc. 
INTRODUCTION 
Let 2=(1~<21~<22~<. . .~<2k) ,  with 2 l+22+- - -+2k=n,  be a part i -  
t ion of n denoted 2 ~-n. We write also 2 = lm12 mz''" n m" when mi parts of 
2 are equal to i ( i=  1, ..., n). Consider the conjugacy classes Cz, Cz of 
permutat ions in the symmetric group Sn whose cycle type is given by the 
part i t ions 2 and # of n. Let Q[Sn] be the group algebra of the symmetric 
group over the field Q of rat ionals and let C[Sn] be the center of this 
group algebra. Let Kz be the element of C[Sn] defined by 
g~= ~, Z(~reC~)~r, (I.1) 
CESn 
where Z is the usual characteristic function. We also call K;. a conjugacy 
class. A product  Ka ,  K s of conjugacy classes in C[S,,] can always 
be decomposed in the basis of conjugacy classes with nonnegative integer 
coefficients: 
(I.2) K.~ , K,  = ~ c ~Ke. 
7kn 
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C ~ m The structure constants c~, that we also write as ;.~- (7, 2, #) count the 
number of ways of writing a permutation of type 7 as a product of a 
permutation of type 2 with a permutation of type #. 
Boccara [1, Corollary4.8], Stanley [9, Theorem3.1], and Goupil [3, 
Corollary 1] have previously given different equivalent formulas for the 
number of decompositions (7, n, n) of a given permutation of type 7 as a 
product of two n-cycles. Boccara [1, Theorem 7.2] has also given a recur- 
sive formula that permits the computation of (7, lkn--k, lrn--r) • In 
Section 2, we show that if 7 = (k+ 1) mk+~, ..., n m" is restricted to partitions 
with parts of size at least k + 1, then we can derive a closed formula for the 
decomposition (~, lkn--k, lkn--k)  of a permutation of cycle type 7 as a 
product of two (n - k)-cycles. From this we easily obtain a formula for the 
expansion of (~, lkn--k,  lSn--s). In Section 3, we similarly provide a for- 
mula for the coefficients (7, (k, n -k ) ,  (k, n -k ) )  with the same restriction 
on the partition 7 and we expand it to formulas for (~, (k, n -  k), (s, n -  s)) 
and (v, (lkn -- k), (s,n--s)). These formulas are generalizations of [3, 
Corollary 1 ] and show potential for a combinatorial interpretation. 
To develop our results, we use a method given by Murnaghan [7] to 
construct polynomials in several variables that are in bijection with the 
irreducible representations of Sn. These character's polynomials provide the 
evaluation of the irreducible characters on each conjugacy class and they 
are used and described in [3]. For the character theory concepts that are 
used we refer the reader to Macdonald's book [6], but in order to make 
our treatment as selfcontained as possible, we present in Section 1 an 
overview of the concepts used in this paper. 
1. NOTATIONS AND TERMINOLOGY 
1.1. The sum of two partitions of possibly different integers 
#= lm12m2"''n m" ~-n and #'= lmi2ml...k ml I-k, k<<.n, is the partition of 
the integer n + k defined by # + #' = lml + mi2m2 +m~... rim, + m'~. The partial 
order <~ on the set of partitions is defined by the condition: 
#'<~#e*m;<~mi, Vi=I  ..... n. (1.1) 
1.2. A Ferrers's diagram of shape )~ is a set of rows positioned on top 
of each other with the ith row, starting from the top, having 2 i nodes. A 
hook is a partition of shape 1;n - i, i = 0 ..... n - 1. The length of a hook is 
the number of nodes it contains. A double hook is a partition of shape 
liUm, t. Its Ferrers's diagram consists of two hooks, one inside the other. 
Figure 1.2 shows the Ferrers's diagram of a double hook of shape 12234, 5 
with inner hook of length 6. 
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FI6UR.e 1.2 
The inclusion order c on the set of partitions is defined by saying that 
2' c 2 iff the diagram of 2 contains the diagram of 2'. The dimension of the 
irreducible representation of Sn associated with a partition 2 is noted fa  
and is given by the hook formula: 
n~ 
fa  = (1.2) 
Hid hi,:" 
In particular, when 2 is a hook, we have: 
flin i=(Fl~ 1), i=0,  ..., n--1. (1.3) 
1.3. The Murnaghan-Nakayama Rule computes recursively the values 
Z~, of the irreducible characters 2 on the conjugacy classes indexed by #. It 
and 4, where i=  lml..- iml- 1 .. nm, ~_ n -  i and relates the values )~, Z,_; /~- 
2' is obtained from )~ by taking a border strip out of its Ferrers's diagram. 
A border strip is a connected subset of 2 that lies on its northeast-most part 
which contains no 2 x 2 block of nodes. The length Is[ of a border strip s 
is the number of nodes it contains and its height h(s) is one less than the 
number of rows it occupies in 2. The Murnaghan-Nakayama Rule is given 
by the formula 
V2,# ~-n, )~ = ~ (--1)h(~-~')~A ', ._, (1.4) 
2"l--n--i 
2 '=2 
where the sum is taken over all 2' c 2 so that the diagram 2 - 2' is a border 
strip of length i. A description of Murnaghan's Method, and how we use it 
to construct characters' polynomials associated with the irreducible 
representations of Sn, is presented in [-3, Section 1], and in the original 
paper of Murnaghan [7]. A table of characters' polynomials is given 
PRODUCTS OF CONJUGACY CLASSES 105 
in [5]. In particular, the following identity can easily be obtained from 
Murnaghan's method: 
Z lk ' -k- -  i i n + k .... 
2. THE PRODUCTS Klk n_ k * KI~,,- s 
Our point of departure is the character formula (see [3, Section 3]) 
n! ~.  f~  (2.1) 
When we have the restriction 2 =# = lkn -k ,  Formula 2.1 becomes 
iC lk n k12 e a c~ Zlkn-kZ?n kX~ 
(7, l kn - -k ,  l kn - -k )  n! ~ f= (2.2) 
ekn  
Our goal is to evaluate the characters in the right-hand side of 2.2 and then 
evaluate the sum. The next result serves that purpose: 
THEOREM 2.1. Let 2 ~-n and ~ = (k+ 1) ink+l-. "n m" be a partition of  n 
with smallest nonzero part of  size l >>. k + 1. The product ;~ ;° Zlkn_k)~ is nonzero  
only if  2 has one of  the following two shapes: 
(i) 2=l ;n - i ,  
(ii) 2=l '2 Jk+l - j , t ;  
O<~i<.k -1  or n -k<~i<.n -1  
i.e., 2 is a double hook with inner hook 
of  length k. 
Note that when k ~< n - k, the condition 0 ~< i ~< k - 1 or n - k ~< i ~< n - 1 
gives rise to two conjugate sets of partitions. To establish Theorem 2.1, we 
first derive the following lemmas. 
LEMMA 2.1. Let 2= l~2Jm, t ~-n be a double hook, then we have 
[ j+m 2~[ n ][n--m j j+t - -1  ~; ~ j 'W+m--11~ i )( j ) (n - - i - -2 j - -Zm+l )  
J (i+j+ l)(i +j -P  m) 
Proof  This is a straightforward application of the hook formula 
(1.2). I 
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LEMMA 2.2. Let 2 = 1 ~2Jk-j + 1, t ~- n be a double hook with inner hook 
of length k, then 
Zlkn_k  = ( - -  
Proof We make use of Murnaghan's method and see that when 
2 = 1 ~2Jm, t k-n with i + j  + m < n -  k, Z~akn_ k is obtained by evaluating only 
the contribution of the fixed points in the character's polynomial of 2. 
Recall that the fixed points contribution in a character's polynomial is the 
monomial obtained by replacing n by k in the hook formula for 2. The only 
other possible nonzero term in the character's polynomial of 2 is 
annihilated by the condition i + j  + m < n - k. So we have 
y+ m- -  2"1( k ] [k - -m- - j ' l ( k - - i - -m j - l l t l ._ ;_2j_2m+1 ) 
j ] \ j+m- - l J \  i t~, " y~,,v "~ s (2.3) Zlkn k = (i+~+l)( i+j+m) 
Lemma 2.2 follows from replacing m by k - j  + 1 in 2.3. | 
Observe that when we have k ~< n-  k, if a double hook does not satisfy 
the condition i + j+ m < n -k  in Lemma 2.2, then its conjugate diagram 
does. 
LEMMA 2.3. Let 2 F-n and 7 = (k + 1) "~+l..-n m" F-n be partitions with 
the smallest part of y of size l >>. k + 1. Then we have 
(i) )~kn-k is nonzero only if a hook shape can remain after removing 
k dots from the Ferrers's diagram of 2, 
(ii) Z~ is nonzero only if we can remove a border strip of length l from 
2 and obtain a Ferrers's diagram. 
Proof. These two observations are straightforward consequences of the 
Murnaghan-Nakayama Rule. | 
Proof of Theorem 2.1. Combining the two observations in Lemma 2.3, 
it is easy to realize that the product )~lkn--kZ~X  is nonzero only if 2 itself is 
a hook or a double hook. If 2 = l in -  i is a hook, then Eq. (1.5) imposes 
that O~i<~k-  1 or n-k<~i<~n-  1. I f2 is a double hook li2Jm, t, then by 
Lemma2.3(i), the inner hook of 2 is of length at most k, and also 
k< n -k -1  because otherwise ? = (n) and 2 has to be a hook. Suppose 
that the inner hook of 2 is of size j + m - 1 < k and Z~kn -k ¢ 0, then ~ must 
contain at least two parts of size at least k + 1 and we have n/> 2k + 2. The 
inner hook of 2 must be part of only one border strip that is removed via 
7, otherwise there would have a border strip of size smaller than k + 1 that 
would remain in the recursion process. Let the border strip that contains 
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the inner hook be of size l = i' + j  + m >~ k + 1 (i' ~< i), then we obtain at the 
same time, using the assumption and Lemma 2.2, 
i '>k - j -m 
O<,i' <<. i~k- j -m 
and this is a contradiction. Thus the inner hook of 2 must be of 
length k. | 
PROPOSITION 2.1. Let 7=(kq-1)mk+l. . -n m~be a partition of n and 
2=l i2 Jk+l - j ,n - i - k - j -1  be a double hook with inner hook of 
length k. Then 
:)( ) Z,  - ( -- 1) k ~, sgn(?') (mk + mn 
,' ~-i+k+ 1 \m•+ m~, ' 
where the sum is over all partitions 7 '=(k+l )m;+l . . .n  m; of i+k+l  
satisfying 7' < 7. 
Proof. Using Murnaghan's method, the contribution of the fixed points 
of 7 in the character's polynomial of 2 is given by Lemma 2.1 in which we 
replace n = i + 2j + m + t by 0. This contribution is always zero unless j = 0 
and m = 1 in which case we obtain ( - -1 )  i+1. In other words, the contribu- 
tion of the fixed points is always zero unless ,~ is reduced to a hook. This 
forces us to remove the border strip of length i + k + 1 that contains the 
inner hook of 2 with border strips of length at least k + 1 that will 
constitute ach 7'. This explains the index set and the binomial coefficients 
in the sum. To explain the sign contribution i  the expression, suppose that 
the border strip of length i + k + 1 is a vertical strip (which imposes that 
k= 0), then only the term sgn(7' ) will appear. If it is not a vertical strip, 
the only alteration to sgn(7') is provided by the removal of the border strip 
that contains the inner hook of 2. Such a border strip of length, say, 
l = i' + k + 1 will have height i' + j  and the hook that will remain after the 
removal will have height j. So the contribution of the removal of that 
border strip will have sign (-1)i '+J ( -1 ) J  which is the signature of the 
associated cyclic permutation of length i '+  k + 1 times ( -1 )  k, and the 
proposition is proved. | 
Remark 2.1. Observe that the sum in Proposition 2.1 does not depend 
on the variable j and that, in fact, Proposition 2.1 is equivalent o the 
following generating function of double hooks with inner hook of length k 
evaluated on classes of type 7 restricted as in Proposition 2.1. 
n--2k--2 
2 Z~ i2&+l-j'n-i J--k--lyi+k+l=(--1)k fi (1 - - ( - -y i ) )  m*, (2.4) 
i=0 i=k+l  
where 7 = (k+ 1) mk+l .. .n ran. 
582a/66/1-8 
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LEMMA 2.4. Let 7=(k+ 1) mk+l . . .n m" be a partition of n and O<<.i<k, 
then 
t in i / Zy =( - -1 )  i" 
Proof This is a straightforward application of either the Murnaghan- 
Nakayama Rule or Murnaghan's method. | 
THEOREM 2.2. Let ? = (k + 1)'~k+l... nm. be a partition of n and 0 <<. k <<. 
n -  1, then 
l gn_k)=(~l )g  ( 'k k) IClk,--k[ ~ sgn(7') IG, I IC,_,,I 
(7, lkn--k,  (n -2k+ 1)IC, I v,~, ([Y'[kl)(n--I~ 1-1) 
where the sum is over all partitions 7' satisfying 7' ~ 7 as defined in 1.1. 
Proof We verify immediately that Theorem2.2 gives (7, lkn--k,  
l~n-k )=0 if sgn(?)=-1 .  We may thus assume that Cv contains only 
even permutations. By Eq. (2.2) and Theorem2.1, the only nonzero 
characters here are indexed by hooks or double hooks and we have: 
(7, lkn--k,  lkn- -k)  
(k)(n_ k_  1)! r .  k-l"tzl~._k)lin-i"2 zylin i 
-- k ! (n -k )  ~(1+( -1) ' -~)~=o  fi-~.-~ 
n--2k--2 k--1 [^.li2Jk--j+l,n--i--j--k--1)2 zl'2Jk-j+l,n - i  J--k--11 
+ 2 2 ()Cikn--k 
;=o j=o . (2.5) 
The first sum in (2.5) is multiplied by (1 +( -1 )  "-1 ) because we use the 
fact that when ~ is the conjugate partition of 2, then Z7 ~ = sgn(7) Z~-~ Thus 
each irreducible character in this sum has a conjugate and can be counted 
twice or annihilated. Then using identities (1.3) and (1.5), Lemmas 2.2 and 
2.4, and Proposition 2.1, we transform Eq. (2.5) into 
(7, lkn -- k, lkn -- k) 
. [ k-1 1)2 (k)(n--k-- 1) ! 1) (--1)i(k [ 
- ~.v ~k j  (1+ (- -1) n- Z n--l) 
i~O ( i 
(mr) 
+ Y'. Z (--1)ksgn(7 ') m" 
i=0 7' r=k+l  
[y'] = i+k+l  
k--1 (kffl)2 ] 
j= f l i2 jk- j+l 'n- i - j -k-1 • (2.6) 
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Now recall the following two binomial identities (see [2, Eq. 7.1] and 
[4, 5.93]) 
t/c-1)t~-I ) . -k  k-- I  ( - -1 )  i , i l ' , i  (/c-- l)  (2.7) 
E °-1) = .-1 
~:o  ( , ( / c -1 )  
and 
k~__l (k--l](i+j+l) ( 
, + , ,  j .~-1 .  
L {n--i--k--2"~ <2.8) 
j=O t k--1 ! 
and observe, using (2.8) and Lemma 2.1, 
/C--'I (/C7 1)2 k 1 (/c71)2(,+Jj+~)(k+i+l) 
Z fl,z,/c_j+l,,_i_j_k_l = Z (/c71)(nk)(n--ki--1)(n--i--jk--2)(n__i__2k__ 1)
j=0  j=O 
k+i+l  k - l ,  / ,,( c-1~(i+/+1/ ) 
--(~)('-~ 1)(n- i - -Zk--1) /~=o 
(n - k)("7/c )
__  ] *g  n "~[k+i]fn i /C--2~" (2.9) -(n 2k+: j~ i+k+l j  ~ ./c +~ /c j 
Observe also that for any partitions 7'= 1 ml..  .n m; < 7 = lm~ "rim", we 
have 
~I (mg-- 16rl IC ' - r l  (2.10) 
r=l ( I'~n'[ ) IC,[ 
Then we use (2.7) to transform Eq. (2.6) into 
(?, lkn--k, l kn -k )  
(k)(n--k-- 1)! { , -k  - ( / c_ , )  
- ~! (n -k )  =(1+( -1) ' -1 ) (~11 
('7/c)(n -k )  . -  2/c-= /c . . . .  -1 )  sgn(7 )I~r=/c+l (m;)] 
+ -2-77 5 E Z ( ( n ~(1~,'1-1~tn-17'1-1" I | i=0 y' I~'llt /C /~ /C / J 
17' l=i+k+'  
__(nk/c) 'Clkn-/c' I ( l '~-( - -1)n 1) 1 
k! (n -2k+l )  ("71 ) 
sgn(7') IC7,1 ]C~ I + (-1)/c(";/c)lc,k. /cl Z (w?~)(._,~,,_7 r)
k! (n -2k+l ) lC~l  ~,<~ 
~'~,7  
(2.11) 
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The double sum in the right-hand side of (2.11) is the result we are 
looking for, except hat it excludes the two cases y' = ~,  7' = 7, but if we 
use the fact 
(--1)k~i ~E sgn(7') ICr'l ICY-i~l-1-)' I (--1)k[---- ICY[ 1) "37 (--1)n--11C'/I] 
=~,y (~,j-1)(. IC~l (-1)~("~ ( "~) ( -1 )  k 
(1+( -1 )  .-1 ) 
(n~l) 
we see that the sum in the right-hand side of (2.11) now covers all 
partitions 7'<~ 7 and the theorem is proved. | 
Remark 2.2. We obtain from Theorem 2.2 the formulas 
((n), lkn--k, 1 k, n -k )= (1 + ( -1 )  "-1 )n (n -k -  1)! (n~k) 
k! (n -2k+ 1)(n- k) 
((k+ 1) 2, lkk+ 2, l kk+2)= (k+ 1) 3 
(2.12) 
(2.13) 
Observe also that 7~(n) in Theorem2.2 implies the inequality 
k<n-k .  Moreover, Theorem 2.2 is a generalization of [-3, Corollary 1; 
1, Corollary 4.8; and 8, Theorem 3.1] (when k= 2). 
Remark 2.3. An immediate consequence of Theorem 2.1 is that if we 
have k<s and 7= (s+l)m'+i'"n m", then the product zl~, ~ -k)~l~,-~)~y~ 
is nonzero only if 2 is a hook. This observation has the following 
consequence: 
COROLLARY 2.1. Let O<~k<s<~n/2 and 7 = (s+ 1) ms+l "" -n  m", then 
f 2n(n -k -  1)! (n -s -  1)! 
(7' lkn - k' Un -s)  = l O -~T'--~" -(n--k ~ s-+ f )' otherwise./f gn(7)=( -  
1) k+~ 
Proof We use Remark2.3, Lemma2.4, and Formula (1.5), and we 
transform Formula (2.1) into 
(y, lkn -- k, lSn -- s) 
n! ~-1 (_  1)i (~71)(s~1) 
-k !  (n-k)s!  (n-s)  Z (,71) i=0  
x (1 + sgn(lkn--k) sgn(lSn --s) sgn(7)), (2.14) 
and we deduce Corollary 2.1 by using Identity (2.7). | 
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The coefficients obtained in Corollary 2.1 do not depend on the partition 
7. This means that all conjugacy classes with cycles of length at least s + 1 
have the same coefficient in the decomposition ofKlk,_~ * KI,,_~. This fact 
is reminiscent of the observation made by Schutzenberger that the product 
K(,), K(~,n_l) has constant coefficients in its decomposition over all odd 
conjugacy classes (see [-3]). 
Theorem 2.2 only permits the evaluation of coefficients of conjugacy 
classes K~ with relatively large cycle lengths but it is possible to find 
coefficients of conjugacy classes K~ with partitions 7containing fixed points 
and large cycles by using the following conjecture: 
Conjecture 2.1. Let O ~ k <~ n-  l and T = 7* + l m~, where T* = 2m2 . . . n m" 
is the part of 7 that does not contain fixed points. Then 
k (n - -2k+i - -1 )  
m I -- i ¢ 
(7, lkn--k, l~n-k )=ml  ! ~ i! 
i=0 
x(7* ,1 k i n -k+i -ml ,  l k - in -k+i - rn l ) .  
This conjecture generalizes a result of Walkup [10, Theorem 1] and has 
been proved by the author for 0 ~< k ~< 3. 
3. THE PRODUCT K(k"  n - k) * K(,, ,,_ ~) 
Let k<<.n-k and write the character formula (2.1) for the product 
K(k ,n_k)  * K (k ,n_k ) :  
2 
(7, (k, n -k ) ,  (k, n -k ) )= IC(k''-k)J2 Z(~,n-k)Z(~,n-k~Z~ 
n! ~ f~ (3.1) 
2~-n 
The following result contributes to the evaluation of the characters in 
Formula (3.1). 
PROPOSITION 3.1. Let 2 }-n, 7=(k-'}-l)mk+l...n m", and O<~k<~n-k. 
only if 2 has one of the following two The product Z(~,n-k)Zr is nonzero 
shapes: 
(i) 2 = lin--i, O<~i<~k-1 or n -k<~i<~n- l ,  
(ii) 2 = l i2 Jk - j+  1, t, i.e., 2 is a double hook with inner hook 
of length k. 
Proof Since )Qk, a n k) is nonzero only if a hook remains after removal of 
a border strip of length k, the partition 2 must be a double hook, possibly 
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degenerated into a hook. Moreover, this double hook 2 = liUm, t must 
satisfy at least one of the following conditions: 
(a) m=k- i - j ,  
(b) t=k- j ,  
(c) m --= k - j  + 1. 
This is because the border strip of length k that is removed starts either 
at the top (Condition a), at the right (Condition b), or is the inner hook 
(Condition c) of the Ferrers's diagram 2. When the first or the second 
~= 0 unless 2 is a hook; i.e., j = 0 and m = 1. constraint is satisfied, then )/  
This permits shape i. Shape ii is obtained by the third constraint. | 
The main result of this section is the following: 
THEOREM 3.1. Let 7= (k+ 1) mk+~ . . .n m" and O<.k <<.n-k, then 
(7, (k, n -k ) ,  (k, n -k ) )  
( -1 )  k [C(k,,-k)[ V sgn(7')[C~,[ 1C7_~,[ ~ (I,'l~.k+J) 
= k]~y I y Z47 (~ iZ /= I~-~----~ j=O (n--,~:,-- 1)(kj 1)" 
To prove Theorem 3.1, we establish the following lemmas. 
LEMMA 3.1. Let 0 <<. k <<. n - k, then 
Proof 
Rule. | 
{ ((- 1) r , if O<<.r<k, (i) 1,=-r = 1) r+ l ,  Z(k,,--k) -- if n--k<~r<n, 
O_ otherwise; 
(ii) "li2Jk-j+X'n-i-k-J-1 (--1) i+j+l, i,j>~O. 
Lk ,  n - -k  --~ 
These two identities follow from the Murnaghan-Nakayama 
LEMMA 3.2. Let k, n be two positive integers, then we have 
, j , k l+(_ l )k_  1 
j=0 (k j l )  n+l  
Proof Set f(n, k)" k-1 (,--k+ju(k--1 • =~j=O ( ( - - l f i ,  j ,,, j )). Then 
binomial identity [2, Formula 4.1] 
using the 
1 kl+ 1] 
= + 7--T-~, , (3.2) (kj1) k+l  (j+0 
PRODUCTS OF CONJUGACY CLASSES 113 
we have 
f(n, k l -k+ 1 E (-1Y L ~ r~ j  
j=O 
(;) -k+ l  f(n+l'k+l)+(--1)k-~ 
F[n - -k+j+ l ]  [n - -k+j '~ l  7 
k-1 1~ y+l J ~ j+l i l l  
+ y ( -ay  T~,  
~=o L (j+~) ~ J J  
=k+l  f(n+l'k+l)+(--1)k-i 
k+ 1)+f (n ,k+ 1)] ~f~ ~ 1, 
kk_~l [(--1)k-l(;)"Ff(n'k"Fl)]" (3.3) 
On the other hand, we also have 
n+1 k+l (- 1)k (k) =n-~l [i + (- l)k (k + i)]' 
(3.4) 
Thus both sides of Lemma 3.2 satisfy the same recurrence with the same 
initial value k = 1 and their equality follows. | 
Proof of Theorem 3.1. We proceed similarly to the proof of 
Theorem 2.2 and we assume that sgn( J= 1. Using Proposition 3.1, we 
transform Eq. (3.1) into 
(?, (k, n -  k), (k, n -k ) )  
nV F,@I, i in--i ,2 lin--i (Z(k,. k)) Z~ 
kZ(n - k) 2 L L, 0 f un - -  i .=  -F n--2k--2E k--l[~tli2Jk--j+l'nE k~(k,n--k) ~l~li'--J--k--1)2z~i2Jk--j+l"n--i--J k--l]. (3.5) 
i=o ]=o 
Then using Identity (1.3), Lemma 2.4, Lemma 3.1, and Proposition 2.1, we 
have 
(?, (k, n - k), (k, n - k)) 
i k~ n - 2k 2 n! 1 (_1) i  
-k2(n_-k)  2 2 (" t-(--1) k Z Z sgn(7') 
i :o 7 1 ) i=o ~'t~t+k+i 
r=k+l  j 
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Using Lemma 2.1 and the binomial identity ([-2, Formula 2.1 ] ) 
Z " (-a)k 
~=o (~71) n+l  1-~ (~) , (3.7) 
we get 
(~, (k, n -  k), (k, n -  k)) 
n! 2n (-1!k-1~ 
k=(n-k)2[(-~-~II + ~)k) J 
n 2k-- 2 
+(-1) ~ E Z 
/=0 ? 'kk+i+l  
k--1 (i-t-j4-1~ 1 
X E ~" J " 
j=O (kT')(n--;] ~-=) ' 
(2~)(k + i+ 1) 
sgn(7') 
r=k+l  
(3.8) 
where the second sum in the right-hand side of (3.8) is over all partitions 
7'=(k+l)"k+l...n m;,of k+i+ l .  This sum does not contain the two 
partitions ? '=~,7 .  But if we set I~'1 =k+i+l  and we use (3.7) and 
Lemma 3.2, we observe the two identities 
(k+i+ l )  (n-k) 
n n k - - l )  -- ( n "l[k+i~ 
(k)(  i , /+k+l ' ,  k ' 
(3.9) 
( -1 )  k (n-k) k-1 (i+j+ 1] 
(~;~-~-~--~--F- 1) ~, sgn(~') Z -~5~-~) ,~ j=o (~1) (~ 
1 k~l (l~'l~k+j) 
= ( -1)k  (n -k )  Z (t~'tZ1)(n-17' I - k )  ~o (kj1)(n-L~,-1) ~'=~,~ j= 
- (n+l )  1+ (7~"  (3.1o) 
So the right-hand side of Identity (3.8) now contains all partitions ?' <~ 7 
and we use Identities (2.10) and (3.9) to obtain 
(y, (k, n - k), (k, n - k)) 
( -1 )  k [C(k, ~-k)[ 
k IC, I 
sgn(7') IC~,l IC~_~,l k~l (Iy'lj.k-t-j) 
E ~("~- [~-~- -k - )  j=o  (n - I~ ' l -1 ) (k ) - t ) '  
T'-~T 
which proves our theorem. | 
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COROLLARY 3.1. For 0 <<. k <~ n - k, we have 
)[(n) l ( (n ) ' (k 'n -k ) ' (k 'n -k ) )=( l+( -1 )n - l )  n -~ k +(-1  . 
Proof This is immediate from Theorem 3.1. | 
Remark 3.1. No closed form similar to Formula 2.8 seems to be known 
for the binomial expression 
k--1 ( i+ j+ l~ 
\ j J 
2 1)(n--i--jk--2) 
+:o (~7 
contained in (3.8). For example, if we apply Theorem 3.1 to compute the 
structure constants a(k) := ((k + 1) 2, (k, k + 2), (k, k + 2)), we obtain 
a(k)=k2(n-k)2-2~ 1+ (2------~ ~ (D j=o(~--Tr)~)J ' (3.11) 
and the more simple binomial expression in (3.11) does not seem 
expressible in closed form. The first nine terms of the sequence a(k) starting 
at k = 1 are 
8, 27, 384, 12100, 736128, 70990416, 9939419136, 1896254551296, 
and 472882821120000. 
No rational function seems to generate the sequence a(k) or the binomial 
expression in (3.11). 
Remark 3.2 (Remmel [8]). An immediate consequence of Proposi- 
2 .t 2 tion 3.1 is that if k v~s then the product Zlkn--kZlsn-sZ~ is nonzero only if 
2 is a hook. We thus obtain the following result: 
COROLLARY 3.2. Let 0 <<. k < s <~ n/2 and 7 = (s + 1)m"+ 1... #% then 
(7, (k ,n -k ) ,  ( s ,n -  s)) 
{ 2n[n [ ( -1 )  k 1 ] 
= k(n -k )s (n -s ) (n+l )  14 (-----~ zf sgn(7)=l  , 
0 otherwise. 
Proof We use Remark 3.2, Lemma 2.4, and Lemma 3.1, and we trans- 
form Formula (2.1) into 
(7, (k, n -k ) ,  (s, n -s ) )  
n! k 1 (_1)i  
= k(n -- k) s(n - s) i ~=o ~ (1 + sgn(k, n - k) sgn(s, n - s) sgn(7)), 
(3.12) 
then we use Formula (3.7) to obtain our result. | 
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Again, we observe that the coefficients obtaind in Corollary 3.2 do 
not depend on the partition 7 so that we have the same coefficient for 
all the conjugacy classes Kr with cycles of length at least s + 1 in the 
decomposition of the product K(k, ~_ k) * K( . . . . .  ). 
We terminate with another product whose decomposition has the same 
property of being distributed evenly over a restricted set of classes. 
COROLLARY 3.3. Let O<.k <s<.n/2 and ~ (s + 1) ms+a.. .nm", then 
(7, (lk, n--k), (s,n--s)) 
f .2n(~)(n- k=l~ 
=~s(n-s ) (n -k+l )  tf sgn(7)=(-1)  k-l, 
(0 otherwise; 
f 
( s -  1)~_k (7, l~n--s, (k, n -k ) )  
= / f  sgn(~)=(- -1)k- l=(- -1)  ~-1, 
0 otherwise. 
Proof For the first identity, we apply Theorem2.1, Lemma2.2, 
Lemma 3.1, and Lemma 2.1 to the character formula (2.1). We obtain 
(7, ( lk, n-k ) i  (s, n -s ) ) -  
(~) (n -k -  1)! n~l (k71) 
s(n--s) i=o/~ n -  li 
x (1 + sgn(lkn- k) sgn(s, n -  s) sgn(7)), (3.13) 
and the first identity follows. The second identity is obtained from the 
observation 
Ifak.--kl I f(  . . . . .  )l=(s--1)s klflsn-~[ IC<~,~-k~l. (3.14) 
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